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HALF CONFORMALLY FLAT
GENERALIZED QUASI-EINSTEIN MANIFOLDS
M. BROZOS-VA´ZQUEZ E. GARCI´A-RI´O P. GILKEY X. VALLE-REGUEIRO
Abstract. We provide classification results for and examples of half confor-
mally flat generalized quasi Einstein manifolds of signature (2, 2). This analysis
leads to a natural equation in affine geometry called the affine quasi-Einstein
equation that we explore in further detail.
1. Introduction
The analytical study of differential equations often focuses on the existence and
uniqueness of solutions on a given domain. From a geometric point of view, the
converse question is also of interest. Given a differential equation, one may look
for a manifold that supports a non-trivial solution and one might ask about the
local/global geometry of the manifold, thus leading to an analytical characterization
of a manifold structure by a differential equation if this manifold corresponds to
a unique domain where the given equation has a non-trivial solution. Clearly one
may not expect any positive answer for arbitrary equations but there are important
examples when the equation has some geometrical/physical meaning. The equation
of Obata [43] is a typical example; see also the discussion in [27, 44, 47].
Let ρ be the Ricci tensor of a pseudo-Riemannian manifold M = (M, g). If f
is a smooth function on M , let Hesf be the Hessian. Both ρ and Hesf are (0, 2)-
tensor fields on M ; we refer to Section 1.5 for a precise definition. The generalized
quasi-Einstein equation links these two objects with the metric tensor in a very
natural fashion. This single equation extends equations studied previously such as
the equation of Obata [43], the Mo¨bius equation [49], the Einstein equation, and
the gradient Ricci soliton equation as we shall see in the discussion given below. In
this paper, we examine the generalized quasi-Einstein equation (see Equation (1)
below) in the setting of half conformally flat manifolds of signature (2, 2).
Definition 1. A quadruple (M, g, f, µ), where (M, g) is a pseudo-Riemannian man-
ifold of dimension n, f is a smooth function onM , and µ ∈ R, is said to be a gener-
alized quasi-Einstein manifold if the tensor Hesf + ρ−µdf ⊗ df is a multiple of the
metric, i.e. if the following equation (which is called the generalized quasi-Einstein
equation) is satisfied:
(1) Hesf + ρ− µdf ⊗ df = λ g for some λ ∈ C∞(M) .
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There are several interesting families of generalized quasi-Einstein manifolds that
have been considered in the literature previously:
Example 2 (Einstein manifolds). One can recover the Einstein equation by
letting f be constant in Equation (1). Consequently any Einstein manifold is in
fact a generalized quasi-Einstein manifold. Suppose on the other hand that M is
Einstein. We consider Equation (1) for µ 6= 0. The change of variable h = eµf
provides the equivalent equation 1
µh
Hesh+ρ = λg. Let τ be the scalar curvature;
asM is Einstein, ρ = τ
n
g. Multiplying by µh converts the relation 1
µh
Hesh+ρ = λg
into the equation
(2) Hesh+µh(
τ
n
− λ)g = 0 .
This is precisely the Equation of Mo¨bius, where ∆h = µ(τ−nλ)h (see, for example,
[49]). Moreover, if λ is constant, then Equation (2) resembles the equation of Obata
Hesh+κhg = 0 since κ = µ(
τ
n
− λ) is a constant (see [43]).
Example 3 (Gradient Ricci almost solitons). For µ = 0, Equation (1) corre-
sponds to the gradient Ricci almost soliton equation (see, for example, [2, 9, 46]).
In particular, if λ is constant, then one obtains the gradient Ricci soliton equation
(see [14, 17, 26, 41] and references therein), which identifies self-similar solutions
of the Ricci flow: ∂
∂t
g(t) = −2ρ(t). Although gradient Ricci solitons are a spe-
cial case of quasi-Einstein metrics, they exhibit quite different properties (see [18]).
We emphasize that the gradient Ricci almost soliton equation is not just a formal
generalization of the Ricci soliton equation, but includes families of self-similar so-
lutions of other geometric flows such as the Ricci-Bourguignon flow [21]. This flow
is defined for a κ ∈ R by the evolution equation ∂tg(t) = −2(ρ(t) − κτ(t) g(t)).
The self-similar solutions of this flow are gradient Ricci almost solitons with soliton
function λ = κ τ+ν (for some ν ∈ R) and are called κ-Einstein solitons (see [23, 24]
for further details).
Example 4 (Conformally Einstein manifolds). For n ≥ 3, (M, g, f,− 1
n−2 )
is a generalized quasi-Einstein manifold if and only if (M, e−
2
n−2
fg) is Einstein.
Consequently, the parameter µ = − 1
n−2 is a distinguished value which is often
exceptional, see Theorem 8, Theorem 12 and Example 17 for example. We refer to
[5, 36] for more detailed information on conformally Einstein manifolds.
Example 5 (Static space-times). For µ = 1, the change of variable h = e−f
transforms Equation (1) into the equation Hesh−hρ = −hλg. If λ = −∆hh , then
this equation becomes Hesh−hρ = ∆hg. This is the defining equation of the so-
called static manifolds that arise in the study of static space-times (we refer to
[39, 40] for further details).
Example 6 (Quasi-Einstein manifolds and Einstein warped products). A
solution Equation (1) with λ constant is said to be quasi-Einstein and the resulting
equation is called the quasi-Einstein equation. Let B ×ϕ F be an Einstein warped
product with dimF = r and warping function ϕ = e−
f
r . The structure on the
base
(
B, g, f, 1
r
)
is then quasi-Einstein. Conversely, starting with a quasi-Einstein
manifold (B, g, f, µ) where µ = 1
r
for r a positive integer, there exist appropriate
Einstein fibers F so that B ×ϕ F is Einstein, see, for example, [38].
Remark 7. Even more general classes exist in the literature [20, 25, 35, 42].
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1.1. Motivation. Equation (1) provides information on the curvature of the mani-
fold since it involves the associated Ricci tensor. We shall impose various conditions
on the Weyl tensor to obtain related families of generalized quasi-Einstein mani-
folds. One could assume, for example, that M is locally conformally flat; this
condition turns out to be quite restrictive. We refer, for example, to the discussion
in [14, 17] in relation to gradient Ricci solitons and to the discussion in [7, 22]
for quasi-Einstein manifolds. Other weaker conditions were considered in [20] for a
slightly more general class of manifolds than the one we consider here. Suppose that
µ is not assumed to be constant. It is known that 4-dimensional generalized quasi-
Einstein manifolds with harmonic Weyl tensor and zero radial Weyl curvature are
indeed locally conformally flat in Riemannian signature. Associated rigidity results
are available. See, for example, [3, 18, 37] and the references therein.
Other natural conditions on the conformal curvature were previously considered
for 4-dimensional manifolds and particular families of generalized quasi-Einstein
manifolds. One says that M = (M, g) is half conformally flat if M is either self-
dual or anti-self-dual. The notation is chosen to avoid specifying the orientation.
One has that half conformally flat quasi-Einstein manifolds are locally conformally
flat in the Riemannian setting [19, 28]. We refer to [26] for the gradient Ricci soliton
case and to [42] for related work.
The key point in this analysis is that, in definite signature, the level hypersurfaces
of the potential function are non-degenerate and have constant sectional curvature.
However, this need no longer hold true if the signature is indefinite. In this setting,
the metric may be degenerate on the level hypersurfaces of the potential function.
This gives rise to null parallel distributions (Walker structures) and to examples
which are not locally conformally flat (see [6, 9]).
In this paper, we shall examine 4-dimensional generalized quasi-Einstein man-
ifolds in neutral signature (2, 2). We wish to find examples which are half con-
formally flat, but not locally conformally flat. The analysis depends to a large
extent on the nature of the vector field ∇f . If ‖∇f‖ 6= 0, then M is said to be
non-isotropic while if ‖∇f‖ = 0 but ∇f 6= 0, then M is said to be isotropic. We
shall see that solutions of Equation (1) in the non-isotropic setting behave very
much like solutions of Equation (1) in Riemannian signature. The isotropic setting
has genuinely new phenomena not present in the Riemannian setting and Walker
structures play a fundamental role. We are interested in the local theory and can
restrict to an arbitrarily small open neighborhood O of the point P of M in ques-
tion. We shall assume ∇f does not vanish on O. We shall also assume either ‖∇f‖
never vanishes on O or that ‖∇f‖ vanishes identically on O. We shall not treat
the mixed case where the type of ∇f changes.
1.2. Walker manifolds. We now summarize the basic facts we shall need about
Walker geometry and introduce some important families of Walker manifolds. Fol-
lowing the seminal work of Walker [48] (see also [31]), a pseudo-Riemannian mani-
foldM = (M, gW) is said to be a Walker manifold if M admits a null parallel dis-
tribution D. We shall work in signature (2, 2) and assume that D is 2-dimensional.
There are then the canonical local coordinates (x1, x2, x1′ , x2′) of Walker. To sim-
plify the notation, let ∂xi :=
∂
∂xi
and ∂xi′ :=
∂
∂xi′
for i = 1, 2. Let ◦ denote
the symmetric product. We adopt the Einstein convention and sum over repeated
indices. There are smooth functions aij = aij(x
1, x2, x1′ , x2′) which are defined
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locally on M so that the metric gW and the distribution D take the form
(3) gW = 2dxi ◦ dxi′ + aijdxi ◦ dxj and D = span{∂x
1′
, ∂x
2′
} .
Any Walker manifold has a canonical orientation [29, 30] which is linked to the
orientation of the null distribution D. If ⋆ is the Hodge operator, we require that
⋆D = D so D is self-dual or, equivalently, ⋆(dx1′ ∧ dx2′) = dx1′ ∧ dx2′ . We fix this
orientation henceforth.
Let D be a torsion free connection on a surface Σ. If (x1, x2) are local coordinates
on Σ, let (x1′ , x2′) be the corresponding dual coordinates on the cotangent bundle
T ∗Σ; if ω is a 1-form, we can express ω = x1′dx1 + x2′dx2. Let Φ be an auxiliary
symmetric (0, 2)-tensor field. Let Γij
k be the Christoffel symbols of the connection
D. The deformed Riemannian extension is defined by setting:
(4) gD,Φ = 2dx
i ◦ dxi′ +
{−2xk′DΓijk +Φij} dxi ◦ dxj .
This is an invariantly defined neutral signature metric on the cotangent bundle. De-
formed Riemannian extensions were used in [6] to describe self-dual gradient Ricci
solitons which are not locally conformally flat. More generally, let T = (T ji ) and
S = (Sji ) be endomorphisms of the tangent bundle of Σ. The modified Riemannian
extension is defined [12] by setting:
(5) gD,Φ,T,S = 2dx
i ◦dxi′ +
{
1
2
xr′xs′ (T
r
i S
s
j + T
r
j S
s
i )− 2xk′DΓkij +Φij
}
dxi ◦dxj .
Modified Riemannian extensions were used in [12] to describe Walker manifolds
which are self-dual. This metric and other related metrics appear in many contexts;
see, for example, [1, 6, 11, 12].
Although it is possible to show directly that the metrics of Equation (4) and
of Equation (5) are defined invariantly, it is worth introducing a coordinate free
formalism as we shall need the requisite notation subsequently in any event. Let
π : T ∗Σ → Σ be the natural projection. The geometries of the affine surface Σ
and of the cotangent bundle T ∗Σ are linked through evaluation maps and complete
lifts. Given a vector field X on Σ, the evaluation map ιX is the function on T ∗Σ
which is characterized by the identity
(ιX)(p, ω) := ωp(X(p)) for (p, ω) ∈ T ∗Σ .
Vector fields on T ∗Σ are determined by their action on evaluation maps (see [50]).
For a vector field X on Σ, the complete lift of X , which is denoted by XC , is the
vector field on T ∗Σ that satisfies XC(ιZ) = ι[X,Z] for any vector field Z on Σ.
The deformed Riemannian extension of Equation (4) is characterized invariantly
by its action on complete lifts:
gD,Φ(X
C , Y C) = −ι(DXY +DYX) + Φ(X,Y ) .
Similarly, if T = (T ji ) is an endomorphism of TΣ, then the evaluation ιT is a 1-form
on T ∗Σ which is characterized by the property (ιT )(XC) = ι(T (X)). The metric
of Equation (5) is given invariantly by the equation:
(6) gD,Φ,T,S = ιT ◦ ιS + gD,Φ .
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1.3. Main results. Let M be a 4-dimensional half conformally flat generalized
quasi-Einstein manifold. If M is Riemannian, under fairly mild assumptions, one
can show that M is locally conformally flat; see, for example, the discussion in
[19, 20, 26]. By contrast, in the signature (2, 2) setting, there are examples which
are half conformally flat, but not locally conformally flat (see Remark 11 below). We
work purely locally and shall replace the original manifold by an arbitrarily small
neighborhood of the point in question. As noted above, we shall either assume that
‖∇f‖ 6= 0 or that ‖∇f‖ vanishes identically but ∇f 6= 0; we shall not consider the
“mixed” case since we are especially interested in describing self-dual generalized
quasi-Einstein metrics that are not locally conformally flat. We shall establish the
following results in Section 2 and in Section 3, respectively.
Theorem 8. Let (M, g, f, µ) be a half conformally flat generalized quasi-Einstein
manifold of signature (2, 2) with µ 6= − 12 and ‖∇f‖ 6= 0. Then (M, g) is conformally
flat and is locally isometric to a warped product of the form I ×ϕ N , where I ⊂ R
and N is of constant sectional curvature.
Theorem 9. Let (M, g, f, µ) be a half conformally flat generalized quasi-Einstein
manifold of signature (2, 2) with µ 6= − 12 , with ∇f 6= 0, and with ‖∇f‖ = 0. Then
(M, g) is a Walker manifold with a 2-dimensional null parallel distribution so the
metric g has the form of Equation (3) in some suitable system of local coordinates.
These two results are not sensitive to the choice of the orientation. However,
as noted above, the Walker manifolds we shall be considering come equipped with
natural orientations. Adopt the notation of Equation (4) and of Equation (5). We
will establish the following result in Section 4.
Theorem 10. Let (Σ, D) be an affine surface, let fˆ ∈ C∞(Σ) and let f = π∗fˆ .
(1) Let Φ be arbitrary. Suppose fˆ satisfies
(7) HesD
fˆ
+2ρDs − µdfˆ ⊗ dfˆ = 0 for some µ ∈ R .
Then (T ∗Σ, gD,Φ, f, µ) is a self-dual isotropic quasi-Einstein Walker man-
ifold with λ = 0.
(2) Let Φ = 2
C
efˆ(HesD
fˆ
+2ρDs −µdfˆ⊗dfˆ) and let T = Ce−fˆ Id for µ ∈ R and for
0 6= C ∈ R. Then (T ∗Σ, gD,Φ,T,Id, f, µ) is a self-dual isotropic generalized
quasi-Einstein Walker manifold with λ = 32Ce
−f .
Remark 11. The manifolds described in Assertion (1) are not locally conformally
flat in general. If (Σ, D) is not projectively flat (see Definition 20), then the de-
formed Riemannian extension (T ∗Σ, gD,Φ) is not locally conformally flat. However
even if (Σ, D) is projectively flat, one can choose Φ so that (T ∗Σ, gD,Φ) is not
locally conformally flat. The metrics of Assertion (2) are self-dual but never anti-
self-dual. And if fˆ is non-constant, then λ is non-constant so (T ∗Σ, gD,Φ,T,Id, f, µ) is
not quasi-Einstein. Anti-self-dual modified Riemannian extensions (T ∗Σ, gD,Φ,T,Id)
have zero scalar curvature. This does not happen for these examples since λ = τ/4,
as we will see in Section 4. Moreover, notice that these manifolds are 14 -Einstein
solitons if µ = 0 (see Example 3).
The following result is a partial converse to Theorem 10 and describes the pos-
sible local forms of self-dual isotropic generalized quasi-Einstein metrics.
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Theorem 12. Let (M, g, f, µ) be a self-dual generalized quasi-Einstein manifold of
signature (2, 2) with µ 6= − 12 and ‖∇f‖ = 0 which is not Ricci flat.
(1) If λ is constant, then λ = 0 and (M, g, f, µ) is locally isometric to a manifold
which has the form given in Assertion (1) of Theorem 10.
(2) if λ is non-constant, then (M, g, f, µ) is locally isometric to a manifold
which has the form given in Assertion (2) of Theorem 10.
1.4. Outline of the paper. In Section 2, we provide some general results concern-
ing generalized quasi-Einstein manifolds. In Section 3, we examine the non-isotropic
setting and establish Theorem 8. In Section 4, we examine the isotropic setting and
establish Theorem 9. We continue our analysis of the isotropic setting in Section 5
and establish Theorem 10, and Theorem 12. Let (M,D) be an affine manifold of
arbitrary dimension. In Section 6, we linearize Equation (7) to define an equivalent
equation called the affine quasi-Einstein equation
(8) HesD
hˆ
= µhˆρDs for hˆ ∈ C∞(M) .
We relate Equation 8 to the geometries described above and give some of its basic
properties. This equation is essentially the only linear second order partial differen-
tial equation which is natural in the context of affine geometry and is important in
its own right. The remaining part of the paper deals with examples that illustrate
important aspects of the equation. In Section 7 we give solutions to Equation (8)
which are based on homogeneous affine surface geometries; this gives rise to purely
algebraic considerations. In Section 8, we use the Cauchy-Kovalevskaya Theorem
to construct inhomogeneous surface geometries solving Equation (8). In Section 9,
we give examples which are anti-self-dual but not self-dual and consequently do not
fit into the hypothesis of Theorem 12.
1.5. Notational conventions. Let ∇ be the Levi-Civita connection of a pseudo-
Riemannian manifoldM = (M, g) of dimension n. LetR be the curvature operator,
R be the curvature tensor, ρ be the Ricci tensor, Ric be the Ricci operator, τ be
the scalar curvature, W be the Weyl tensor, and C be the Cotton tensor:
R(X,Y )Z = ∇[X,Y ]Z − [∇X ,∇Y ]Z, R(X,Y, Z, T ) = g(R(X,Y )Z, T ),
ρ(X,Y ) = Tr{Z → R(X,Z)Y }, g(Ric(X), Y ) = ρ(X,Y ), τ = Tr(Ric),
W (X,Y, Z, T ) = R(X,Y, Z, T )+ τ(n−1)(n−2){g(X,Z)g(Y, T )−g(X,T )g(Y, Z))}
+ 1(n−2){ρ(X,T )g(Y, Z)−ρ(X,Z)g(Y, T )+ρ(Y, Z)g(X,T )−ρ(Y, T )g(X,Z)},
C(X,Y, Z) = −n−2
n−3 div4W (X,Y, Z).
The Hessian tensor Hesf (X,Y ), Hessian operator hesf , and the Laplacian ∆f of
a smooth function f are given by:
Hesf (X,Y ) = (∇Xdf)(Y ) = XY (f)− (∇XY )(f),
g(hesf (X), Y ) = Hesf (X,Y ), ∆f = Tr(hesf ).
Note that R, ρ, and Hesf are well defined in the context of affine geometry; the
other tensors and operators are not. Since we are assuming the connection D is
torsion free, the Hessian is symmetric. However, even with this assumption, the
Ricci tensor need not be symmetric. Consequently, we decompose ρD = ρDs + ρ
D
a
into the symmetric and alternating Ricci tensors where
ρDs (X,Y ) :=
1
2{ρD(X,Y ) + ρD(Y,X)} and ρDa (X,Y ) := 12{ρD(X,Y )− ρD(Y,X)} .
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2. Generalized quasi-Einstein manifolds
We now establish some general results concerning generalized quasi-Einstein
manifolds that we will use subsequently.
Lemma 13. Let (M, g, f, µ) be a generalized quasi-Einstein manifold. Then
(1) τ +∆f − µ‖∇f‖2 = nλ.
(2) ∇τ +∇∆f − 2µ hesf (∇f) = n∇λ.
(3) ∇τ + 2µ(λ(n− 1)− τ)∇f + 2(µ− 1)Ric(∇f) = 2(n− 1)∇λ.
(4) R(X,Y, Z,∇f) = dλ(X)g(Y, Z)− dλ(Y )g(X,Z) + (∇Y ρ)(X,Z)
+µ {df(Y )Hesf (X,Z)− df(X)Hesf (Y, Z)}.
(5) Let η = µ(n− 2) + 1. Then
W (X,Y, Z,∇f) = −C(X,Y, Z) + τη{df(Y )g(X,Z)−df(X)g(Y,Z)}(n−1)(n−2)
+ η{ρ(X,∇f)g(Y,Z)−ρ(Y,∇f)g(X,Z)}(n−1)(n−2) +
η{ρ(Y,Z)df(X)−ρ(X,Z)df(Y )}
(n−2) .
Proof. As one may use the generalized quasi-Einstein equation and the Bochner
formula to establish Assertions (1)–(3) in exactly the same fashion that analogous
formulas for gradient Ricci almost solitons were established in [7, 46]; we omit
details in the interests of brevity. One covariantly differentiates Equation (1) and
uses the definition to establish Assertion (4). One can express the Cotton tensor in
the form:
(9)
C(X,Y, Z) = (∇Xρ)(Y, Z)− (∇Y ρ)(X,Z)
− 12(n−1) (X(τ)g(Y, Z)− Y (τ)g(X,Z)).
We substitute the curvature tensor term into the Weyl tensor and use Assertion (4).
Using Equation (9) we may then make a direct computation to establish Asser-
tion (5). 
Remark 14. Note that for η = 0 many of the terms in Assertion (5) of Lemma 13
vanish. This is precisely the case in which the manifold is conformally Einstein as
described previously in Example 4.
3. The non-isotropic setting: the proof of Theorem 8
Let Λ± = {ω ∈ Λ2 : ⋆ ω = ±ω} be the spaces of self-dual (Λ+) and anti-self-
dual (Λ−) 2-forms for a 4-dimensional pseudo-Riemannian manifold M = (M, g).
Let {E1, E2, E3, E4} be an orthonormal local frame for the tangent bundle, let
εi = g(Ei, Ei) = ±1 for i ∈ {2, 3, 4}. One has
Λ± = span{E1 ∧ E2 ± ε3ε4E3 ∧ E4, E1 ∧ E3 ∓ ε2ε4E2 ∧ E4,
E1 ∧E4 ± ε2ε3E2 ∧ E3} .
We say that (M, g) is self-dual if W− = 0. Let {i, j, k} be a re-ordering of the
indices {2, 3, 4} and let σijk be the sign of the associated permutation. Then M is
self-dual if and only if the following identity is satisfied:
(10) W (E1, Ei, X, Y ) = σijkεjεkW (Ej , Ek, X, Y ) for any vector fields X and Y.
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We use Assertion (5) of Lemma 13. Let η = 2µ+ 1. We use Equation (10) to see
that if a quasi-Einstein manifold is self-dual then
(11)
τη
6 {df(Ei)g(E1, Z)− df(E1)g(Ei, Z)}
+ η6{ρ(E1,∇f)g(Ei, Z)− ρ(Ei,∇f)g(E1, Z)}
+ η2 {ρ(Ei, Z)df(E1)− ρ(E1, Z)df(Ei)}
= σijkεjεk
τη
6 {df(Ek)g(Ej , Z)− df(Ej)g(Ek, Z)}
+σijkεjεk
η
6{ρ(Ej ,∇f)g(Ek, Z)− ρ(Ek,∇f)g(Ej , Z)}
+σijkεjεk
η
2 {ρ(Ek, Z)df(Ej)− ρ(Ej , Z)df(Ek)} .
Since ‖∇f‖ 6= 0, we may choose the local orthonormal frame so E1 is a non-
zero multiple of ∇f . We may then use Equation (11) with Z = E2, Z = E3,
or Z = E4 to see that ρ is diagonal with respect to this basis. It now follows
that 3εiρ(Ei, Ei) = τ − ε1ρ(E1, E1). The orientation plays no role and the same
conclusion follows if M is anti-self-dual. We use Equation (1) to see that for
2 ≤ i ≤ 4 we have:
Hesf (Ei, Ei) = λg(Ei, Ei)− ρ(Ei, Ei) =
(
λ− τ − ε1ρ(E1, E1)
3
)
g(Ei, Ei).
Hence, the level hypersurfaces of f are totally umbilical. Since span{∇f} is a
1-dimensional totally geodesic distribution, M decomposes locally as a twisted
product I ×ϕ N . Since the mixed terms ρ(E1, Ei) vanish, the twisted product
reduces to a warped product. And, since I ×ϕ N is self-dual, the warped product
is locally conformally flat and the fiber N has constant sectional curvature (see [9]
for a more detailed exposition). 
4. The isotropic setting I: the proof of Theorem 9
In this section we study isotropic generalized quasi-Einstein manifolds which are
half conformally flat and which have neutral signature (2, 2). We fix the orientation
so that the manifold is self-dual to simplify the arguments of this section. We use
the fact that ∇f is a null vector field to choose a local orthonormal frame so that
−g(E1, E1) = g(E2, E2) = 1, −g(E3, E3) = g(E4, E4) = 1,
g(Ei, Ej) = 0 for i 6= j, ∇f = 1√2 (E1 + E2) .
We also introduce a corresponding frame of null vector fields
(12) B =
{
∇f = E1 + E2√
2
, U =
E4 − E3√
2
, V =
E2 − E1√
2
, T =
E3 + E4√
2
}
.
This is a hyperbolic frame; the only nonzero components of the metric tensor rela-
tive to the local frame B are
(13) g(∇f, V ) = g(U, T ) = 1 .
We use Equation (10) to see that the metric is self-dual if and only if we have the
following identities for any X and Y :
W (∇f, V,X, Y ) = W (U, T,X, Y ) ,(14)
W (U, V,X, Y ) = 0 ,(15)
W (∇f, T,X, Y ) = 0 .(16)
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Lemma 15. Let (M, g, f, µ) be an isotropic self-dual generalized quasi-Einstein
manifold. Then λ = τ4 and the Ricci operator has the form:
(17) Ric =


τ
4 0 a c
0 τ4 c b
0 0 τ4 0
0 0 0 τ4

 .
Proof. Since g(∇f,∇f) = 0,
0 = ∇Xg(∇f,∇f) = 2g(∇X∇f,∇f) = 2g(∇∇f∇f,X) for any X .
Consequently, hesf (∇f) = 0. Thus by Equation (1), Ric(∇f) = λ∇f . Since (M, g)
is self-dual, we take Y = ∇f in Equation (14) to see that
W (∇f, V,X,∇f) = W (U, T,X,∇f) .
We then use Assertion (5) of Lemma 13 to conclude that τ−4λ6 g(∇f,X) = 0 for any
X . It now follows that λ = 14τ as desired. We complete the proof by examining the
Ricci tensor. By Equation (15), we haveW (U, V,X,∇f) = 0. We use Assertion (5)
of Lemma 13 to see that ρ(U,X) = τ4 g(U,X) for allX . Consequently, Ric(U) =
τ
4U .
We set X = V in Equation (16) to show that W (∇f, T, V, Y ) = 0 for all Y . Thus:
0 = W (Y, V, T,∇f) = 12
{
τ
4 g(Y, T )− ρ(Y, T ) + ρ(V, T )g(Y,∇f)
}
for all Y .
We set Y = T to see that ρ(T, T ) = 0 so the Ricci tensor has the form given. 
Proof of Theorem 9. We have already seen that g(∇X∇f,∇f) = 0. Moreover, a
similar argument using the fact that g(U,U) = 0 shows that g(∇XU,U) = 0 for all
X . On the other hand, since Ric(U) = λU , we may use Equation (1) to see that
hesf (U) = 0. Now, since g(U,∇f) = 0, we have that
g(∇XU,∇f) = −g(U,∇X∇f) = −Hesf (U,X) = 0 for all X .
We have shown that
(18)
g(∇X∇f,∇f) = 0, g(∇XU,U) = 0
g(∇XU,∇f) = 0, g(∇X∇f, U) = 0 .
Let D = span{∇f, U}. By Equation (13), D is a null distribution. Furthermore,
Equation (18) implies that ∇D ⊂ D. Consequently, D is a 2-dimensional null
parallel distribution and (M, g) is locally a Walker manifold. 
5. The isotropic setting II: the proof of Theorem 10 and Theorem 12
We continue our study of half conformally flat isotropic generalized quasi-Einstein
manifolds by examining the Walker setting. The orientation of the manifold, which
has not played a role previously, now plays as a role since, as we saw earlier, Walker
structures have a canonical orientation determined by the null parallel distribution.
Adopt the notation of Equation (6).
Lemma 16. Let (M, g) be a 4-dimensional Walker manifold of neutral signature
(2, 2) which is not Ricci-flat. If (M, g, f, µ) is a self-dual isotropic generalized quasi-
Einstein manifold with µ 6= − 12 , then (M, g) is locally isometric to a modified
Riemannian extension (T ∗Σ, gD,Φ,T,Id) of an affine surface (Σ, D) and f = π∗fˆ ,
where fˆ ∈ C∞(Σ).
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Proof. We generalize the metric of Equation (6) slightly. Results of [12] show that
there exists an affine surface (Σ, D), an endomorphism T of the tangent bundle of
Σ, a symmetric bilinear form Φ on the tangent bundle of Σ, and a vector field X
on Σ so that M is locally isometric to (T ∗Σ, g) where
(19) g = ιX(ι Id ◦ι Id) + ιT ◦ ι Id+gD,Φ .
As case µ = 0 was considered previously in [9], we shall assume that µ 6= 0. We
first show that f = π∗fˆ for some fˆ ∈ C∞(Σ). We set h = e−µf in Equation (1) to
obtain the equivalent equation
−Hesh+µhρ = µhλg .
A similar change of variable will play a central role in the discussion of Section 6
as well. Lemma 15 shows that λ = τ4 . Consider the symmetric (0, 2)-tensor
(20) Q(h) := −Hesh+µh
(
ρ− τ4 g
)
.
For i = 1, 2, we compute that
(21) Q(h)(∂xi′ , ∂xj′ ) = −∂2xi′xj′h = 0 .
Therefore, there exists a vector field ξ on Σ and a smooth function hˆ on Σ so that
(22) h = ιξ + π∗hˆ .
If we can show that ξ = 0, then it will follow that h = π∗hˆ and correspondingly
that f = π∗fˆ as desired. Suppose to the contrary that ξ 6= 0. We argue for
a contradiction. Choose local coordinates on Σ so ξ = ∂x1 . By Equation (22),
h = x1′ + π
∗hˆ. If P is a polynomial in certain variables, let Coef(P ; ·) denote the
coefficient of a given term in P . Adopt the notation of Equation (19). Expand
X = X1∂x1 +X2∂x2 . We have Q(h) = 0. Since µ 6= − 12 , we may show that X = 0
by computing:
Coef(Q(h)(∂x2 , ∂x1′ ));x1′x2′) = (1 + 2µ)X1,
Coef(Q(h)(∂x2 , ∂x1′ );x
2
2′) =
1
2X2 .
Let T = (T ji ). Since µ 6= 0 and µ 6= − 12 , we show similarly that T = 0 by
computing:
Coef(Q(h)(∂x1 , ∂x1′ );x2′) =
1
2T
2
1 ,
Coef(Q(h)(∂x2 , ∂x1′ );x1′) =
1
2 (1 + 2µ)T
1
2 ,
Coef(Q(h)(∂x2 , ∂x1′ );x2′) =
1
4 (T
1
1 + T
2
2 ),
Coef(Q(h)(∂x2 , ∂x2′ );x1′) =
1
4{(1− 2µ)T 11 + (1 + 2µ)T 22 } .
Because λ = τ4 =
3
4 (T
1
1 + T
2
2 + 4X1x1′ + 4X2x2′), we have λ = 0. We compute:
Q(h)(∂x1 , ∂x1′ ) = −Γ111, Q(h)(∂x1 , ∂x2′ ) = −Γ112,
Q(h)(∂x2 , ∂x1′ ) = −Γ121, Q(h)(∂x2 , ∂x2′ ) = −Γ122,
Coef(Q(h)(∂x2 , ∂x2);x1′) = (1 + 2µ)∂x1Γ22
1,
Coef(Q(h)(∂x2 , ∂x2);x2′) = ∂x1Γ22
2.
Hence setting Q(h) = 0,
∂x1Γ22
1 = ∂x1Γ22
2 = 0 and Γ11
1 = Γ11
2 = Γ12
1 = Γ12
2 = 0 .
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This implies that ρ = 0 which is contrary to our assumption. Consequently, as
desired
ξ = 0 so h = π∗hˆ .
We expand X = X1∂x1 +X
2∂x2 and compute:
Coef(Q(h)(∂x1 , ∂x1′ );x1′) = µhX
1h,
Coef(Q(h)(∂x2 , ∂x2′ );x1′) = µhX
2h .
This shows that X = 0 and, as desired, g = ιT ◦ ι Id+gD,Φ. 
The following is an example where (T ∗Σ, gD,Φ,T,Id) is a conformally Einstein
modified Riemannian extension (i.e. a generalized quasi-Einstein manifold with
µ = − 12 ) where the conformal function is not the pull-back of a function on the
surface (Σ, D). Consequently the assumption that µ 6= − 12 in Lemma 16 is essential.
Example 17. Let (x1, x2) be the usual coordinates on Σ = R2. Suppose given
smooth functions α(x1, x2), β(x1, x2), and γ(x1, x2) where γ 6= 0. Also suppose
given smooth functions ψ1(x
2) and ψ2(x
2). We consider the following structures
defining D, T , f , and Φ:
Γ12
1 = α, Γ22
1 = β
Γ22
2 = α+ ψ1(x
2), T = γdx2 ⊗ ∂x1 ,
f(x1, x2, x1′ , x2′) = x1′ − 2αγ , Φ11 = −4 ∂x1
(
α
γ
)
,
Φ12 = Φ21 =
2α2
γ
− ∂x2
(
2α
γ
)
, Φ22 =
4αβ
γ
+ ψ2(x
2) .
One then has that (T ∗Σ, gD,Φ,T,Id, f,− 12 ) is generalized quasi-Einstein. The Ricci
tensor is always nonzero and two-step nilpotent and the conformal function has a
null gradient.
The proof of Assertion (1) of Theorem 10 and Theorem 12. Let (M, g, f, µ)
be a self-dual generalized quasi-Einstein manifold of signature (2, 2) with µ 6= − 12
and ‖∇f‖ = 0 which is not Ricci flat. Suppose that λ is constant. By Lemma 15,
τ = 4λ. We may now use Assertion (3) of Lemma 13 to see that λ = 0.
Lemma 16 shows that g = gD,Φ,T,Id is locally isometric to a modified Riemannian
extension. Adopt the notation of the proof of Lemma 16. We compute that
Q(h)(∂x1 , ∂x1′ ) = µhT
1
1 , Q(h)(∂x1 , ∂x2′ ) = µhT
2
1 ,
Q(h)(∂x2 , ∂x1′ ) = µhT
1
2 , Q(h)(∂x2 , ∂x2′ ) = µhT
2
2 .
Since µ 6= 0, since h 6= 0, and since Q(h) = 0, we have T = 0. This shows that g
is indeed locally isometric to a deformed Riemannian extension gD,Φ as introduced
in Subsection 1.2.
We know from Lemma 16 that f = π∗fˆ . Since λ = 0, the generalized quasi-
Einstein equation reduces to the quasi-Einstein equation Hesf +ρ− µdf ⊗ df = 0.
A direct computation shows that the only non-vanishing terms of this equation are
(Hesf +ρ− µdf ⊗ df)(∂xi , ∂xj ) = (HesDfˆ +2ρDs − µdfˆ ⊗ dfˆ)(∂xi , ∂xj ),
for i, j = 1, 2. Thus the manifolds of Assertion (1) of Theorem 10 are indeed quasi-
Einstein. Furthermore, as stated in Assertion (1) of Theorem 12, these are the only
examples. 
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The proof of Assertion (2) of Theorem 10 and Theorem 12. Let (M, g, f, µ)
be a self-dual generalized quasi-Einstein manifold of signature (2, 2) with µ 6= − 12
and ‖∇f‖ = 0 which is not Ricci flat. Suppose that λ is non-constant. By
Lemma 16, M is locally isometric to a modified Riemannian extension of the form
gD,Φ,T,Id with f = π
∗fˆ . Since the case µ = 0 was already studied in [9], we suppose
µ 6= 0 as well. Once again, we make the change of variable h = e−µf and work with
the symmetric bilinear form Q(h) of (20). We compute:
Q(h)(∂x1 , ∂x1′ ) =
1
2 µh (T
1
1 − T 22 ),
Q(h)(∂x1 , ∂x2′ ) = µhT
2
1 , and Q(h)(∂x2 , ∂x1′ ) = µhT
1
2 .
Since Q(h) = 0, T = t Id is a multiple of the identity and consequently
g = π∗(t) ι Id ◦ι Id+gD,Φ for some t ∈ C∞(Σ) .
We once again work with the generalized quasi-Einstein Equation (1) to compute
Coef((Hesf +ρ− µdf ⊗ df − λg)(∂x1 , ∂x1);x1′) = t∂x1f + ∂x1t,
Coef((Hesf +ρ− µdf ⊗ df − λg)(∂x2 , ∂x2);x2′) = t∂x2f + ∂x2t .
Setting these terms to zero yields t = Ce−fˆ . One verifies that
(Hesf +ρ− µdf ⊗ df − λg)(∂xi , ∂xj)
= C2 e
−fˆΦij − (HesDfˆ +2ρDs − µdfˆ ⊗ dfˆ)(∂xi , ∂xj ) for i = 1, 2 .
This shows that the construction of Assertion (2) of Theorem 10 provides examples
of generalize quasi-Einstein manifolds; Assertion (2) of Theorem 12 follows. 
Remark 18. Let (M, g) be a Walker manifold of signature (2, 2). If (M, g, f, µ)
is an anti-self-dual isotropic generalized quasi-Einstein manifold then one still has
that λ = τ4 . To see this, one can proceed as in the proof of Lemma 15 and use the
anti-self-dual relation W (∇f, V,X, Y ) = −W (U, T,X, Y ) instead of (14). It was
shown in [32] that if the self-dual Weyl curvatureW+ of a Walker manifold vanishes,
then τ = 0, so λ = 0 and there are not generalized quasi-Eisntein examples with
non-constant λ. We refer to Section 9 for some explicit examples of anti-self-dual
quasi-Einstein manifolds which are not realized as a deformed Riemannian extension
as in Theorem 12 (1). These differences between the self-dual and the anti-self-dual
conditions illustrate the fact that the Walker structure determines the orientation
and, hence, self-duality and anti-self-duality are not interchangeable conditions in
Walker geometry.
6. The affine quasi-Einstein equation
Let (M, g, f, µ) be a self-dual generalized quasi-Einstein manifold of signature
(2, 2) with λ constant which is not Ricci flat. Assume µ 6= − 12 and ‖∇f‖ = 0. By
Theorem 12, λ = 0 and (M, g, f, µ) is locally isomorphic to (T ∗Σ, gD,φ, f, µ) where
f = π∗fˆ and fˆ satisfies HesD
fˆ
+2ρDs − µdfˆ ⊗ dfˆ = 0. Conversely, by Theorem 10,
every such example is a self-dual isotropic quasi-Einstein Walker manifold with
λ = 0. Thus it is natural to consider this equation in its own right on affine
surfaces. If µ = 0, then (Σ, D, fˆ) is an affine gradient Ricci soliton as discussed
in [6]. Thus we shall suppose that µ 6= 0 and consider the change of variables
hˆ = e−
1
2
µfˆ ; a similar change of variables played a crucial role in the analysis of
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Section 5. Equation (1) then becomes − 2
µhˆ
HesD
hˆ
+2ρDs = 0. This leads to the
affine quasi-Einstein equation
(23) HesD
hˆ
= µ hˆ ρDs for µ ∈ R .
Let M := (M,D) be an affine manifold. In Equation (23), the eigenvalue µ is a
parameter that needs to be determined. Let ES(µ) = E(µ) be the vector space of
smooth solutions to the linear partial differential Equation (23):
E(µ) := {hˆ ∈ C∞(M) : HesD
hˆ
= µ hˆ ρDs } .
Similarly, if p is a point ofM , let E(p, µ) be the linear space of all germs of solutions
to Equation (23) based at p. Let A(p) be the Lie algebra of germs of affine Killing
vector fields based at p. We summarize as follows some results concerning this
equation and refer to a subsequent paper [10] for the proof. We work in complete
generality and do not restrict to the case of surfaces for the moment.
Theorem 19. Let M be an affine manifold of dimension n. Let p ∈M .
(1) If hˆ is a C2 solution to Equation (23), then hˆ is in fact smooth. If (M,D)
is real analytic, then hˆ is real analytic.
(2) Let hˆ ∈ E(p, µ). If hˆ(p) = 0 and if dhˆ(p) = 0, then hˆ ≡ 0.
(3) dim{E(p, µ)} ≤ n+ 1.
(4) If X ∈ A(p) and if hˆ ∈ E(p, µ), then Xhˆ ∈ E(p, µ).
(5) If Σ is simply connected and if dim{E(p, µ)} is constant on Σ, then any
element hˆ ∈ E(p, µ) extends uniquely to an element of E(µ).
The extremal case where dim{E(p, µ)} = n+ 1 merits additional attention.
Definition 20. We say that D is projectively flat if there exists a 1-form ω and a
flat connection D˜ so that DXY = D˜XY + ω(X)Y + ω(Y )X for all X and Y ; D is
projectively flat if and only if it is possible to choose a coordinate system so that
the unparametrized geodesics of D are straight lines. We say that D is strongly
projectively flat if in addition ω can be chosen to be closed.
The eigenvalue µn = − 1n−1 is distinguished in this subject. It appears, for
example, in Example 4. The following result relates the analytic properties of the
affine quasi-Einstein equation to the underlying affine geometry.
Theorem 21. Let M be an affine manifold of dimension n. Let µn := − 1n−1 .
(1) M is strongly projectively flat if and only if dim{E(µn)} = n+ 1.
(2) If dim{E(µ)} = n+ 1 for any µ, then M is strongly projectively flat.
(3) If dim{E(µ)} = n+ 1 for µ 6= µn, then M is Ricci flat.
(4) Suppose dim{E(p, µn)} = n+ 1. One may choose a basis {φ0, . . . , φn} for
E(p, µn) so that φ0(p) 6= 0 and φi(p) = 0 for i > 0. Set zi := φi/φ0. Then
~z = (z1, . . . , zn) is a system of coordinates defined near p such that the
unparametrized geodesics of M are straight lines.
We remark that if ρDs = 0, then E(µ) = E(0) for any µ. The space E(0) is the
space of Yamabe solitons.
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7. Homogeneous surface geometries
In this section, we examine solutions to the affine quasi-Einstein equation in the
context of homogeneous affine surfaces. Since an affine surface is flat if and only
if the Ricci tensor vanishes, all the geometry is encoded in the Ricci tensor. In
particular, a geometry is symmetric if and only if DρD = 0.
We say that S = (R2, D) is a Type A surface model if the Christoffel symbols
Γij
k of the connection D are constant. Similarly, we say that S = (R+ × R, D)
is a Type B surface model if the Christoffel symbols of the connection D have the
form Γij
k = (x1)−1Cijk for Cijk constant. The Ricci tensor of any Type A surface
model is symmetric; this can fail for Type B surface models. Any Type A surface
model is projectively flat; this can fail for Type B surface models. These geometries
are homogeneous; the translations (x1, x2)→ (x1 + a1, x2 + a2) act transitively on
R2 and preserve any Type A connection. Similarly, the coordinate transforma-
tions (x1, x2) → (ax1, ax2 + b) for a > 0 act transitively on R+ × R and preserve
any Type B connection. Since the geometries are homogeneous, dim{E(p, µ)} is
constant. Since the underlying topological space is simply connected, we may use
Theorem 19 (5) to identify the global solutions E(µ) with the germs of local so-
lutions E(p, µ) for any point p. Thus for these geometries, there is no difference
between the global and the local theory.
The importance of these two geometries lies in the fact that Opozda [45] showed
that any locally homogeneous affine surface which is not flat is modeled on a Type A
geometry, on a Type B geometry, or on the Levi-Civita connection of the sphere.
These categories are not disjoint. A Type B surface model S is locally isomorphic
to a Type A surface model if and only if C121 = C221 = C222 = 0; we refer
to [8] for details. For surfaces, the critical eigenvalue is µ2 = − 1n−1 |n=2 = −1.
Since any Type A surface model is strongly projectively flat, dim{E(−1)} = 3 by
Theorem 21. As we assumed that S is not flat, S is not Ricci flat and consequently
dim{E(µ)} ≤ 2 for µ 6= −1.
If S is a Type A surface model, then ∂x1 and ∂x2 are affine Killing vector fields
and thus E(µ) is a Span{∂x1 , ∂x2} module by Theorem 19 (4). In the Type B
setting, x1∂x1 + x
2∂x2 and ∂x2 are affine Killing vector fields and thus E(µ) is a
Span{x1∂x1 + x2∂x2 , ∂x2} module. These module structures play a crucial role in
the proof given in [10] of the following results:
Theorem 22. Let S be a Type A surface model. Let µ 6= 0.
dim{E(µ)} =


3 if µ = −1
2 if µ 6= −1 and Rank{ρD} = 1
0 if µ 6= −1 and Rank{ρD} = 2

 .
Theorem 23. Let S be a Type B surface model which is not also Type A. If
E(µ) 6= {0}, then up to linear equivalence, one of the following holds:
(1) C22
1 = ±1, C121 = 0, C222 = ±2C112, ∆ := −C111 + C122 + 1 6= 0,
µ = ∆−2{−(C111)2 + 2C111C122 + 2(C112)2 − (C122)2 + 2C122 + 1}.
(2) C22
1 = 0, C12
1 = C22
2 6= 0, µ = −1.
Undoing the transformation from Equation (7) to Equation (23), we see that
µ = −1 corresponds to the conformally Einstein case of Example 4. We give
the following example to illustrate Theorem 23 and we refer to [10] for an explicit
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description of the relevant eigenspaces; we will generalize this example subsequently
in Section 8.
We consider the following family of Type B surface models. It is convenient to
change notation slightly to simplify the computations:
Definition 24. Let S := {(x1, x2) ∈ R2 : x1 + x2 > 0}. For 0 6= κ ∈ R, let
Sκ = (S,Dκ) be a Type B surface model where the nonzero Christoffel symbols of
Dκ are given by taking Γ11
1 = Γ22
2 = κ (x1 + x2)−1. Let Eκ(µ) be the associated
eigenspace of the affine quasi-Einstein equation on Sκ.
Theorem 25. The Ricci tensor of Sk is recurrent. The affine surface Sk is a
symmetric space if and only if κ = −2. One has:
(1) Eκ(0) = R.
(2) If κ = −2 and µ = −1, then Eκ(µ) = (x1 + x2)−1 Span{1, x1 − x2}.
(3) If κ 6= −2 and µ = κ+ 1, then Eκ(µ) = (x1 + x2)κ+1 · R.
(4) If µ 6= 0 and µ 6= κ+ 1, then Eκ(µ) = {0}.
Proof. We note that S−2 is isomorphic to the Lorentzian hyperbolic plane. We
show that the Ricci tensor is recurrent and that Sκ is symmetric if and only if
κ = −2 by computing:
ρD =
κ
(x1 + x2)2
(
0 1
1 0
)
, DρD = − 2 + κ
x1 + x2
(dx1 + dx2)⊗ ρD .
One can use the structure of Eκ(µ) as a module over the Lie algebra of affine Killing
vector fields to show that if Eκ(µ) is non-trivial, then there exists α ∈ C so that
hˆ := (x1 + x2)α ∈ Eκ(µ). We compute
HesD
hˆ
−µhˆρD = (x1 + x2)α−2
(
α(α − κ− 1) α2 − α− µκ
α2 − α− µκ α(α − κ− 1)
)
.
Since κ 6= 0, if µ 6= 0 then α 6= 0 and thus α = µ = κ+ 1. So Eκ(0) and Eκ(κ+ 1)
are the only non-trivial eigenspaces; this is in agreement with Theorem 23 where
there is at most 1 non-trivial eigenvalue µ 6= 0. The module structure is used in
[10] to find the general form of an element of E(µ) for Type A and Type B surface
models. When those results are applied to the setting at hand, we may conclude
that Eκ(µ) is spanned by elements of the form:
hˆ(x1, x2) = (x1 + x2)β{c1(x1 + x2) + c2(x1 − x2) + c3(x1 + x2) log(x1 + x2)} .
A computer aided calculation yields that c3 = 0. Furthermore, β = κ+1, if c2 6= 0,
and β = κ, if c2 = 0. A careful analysis of the different cases then yields the
remainder of Theorem 25. 
8. Inhomogeneous examples
In Section 7, we exhibited a number of homogeneous examples illustrating differ-
ent phenomena related to the affine quasi-Einstein equation (Equation (23)). In this
section, we exhibit some inhomogeneous examples. We begin with a useful ansatz;
we shall suppose n = 2 but it is valid for general n. Let φi := ∂xiφ, φij := ∂xjφi,
etc. We omit the details of the following computation as it is entirely elementary:
Lemma 26. Let O be a simply connected open subset of R2. Let φ ∈ C∞(O) and
let Mφ = (O, Dφ) where Dφ is the affine connection on O with Γiii = φii/φi and
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Γij
k = 0. Then φ ∈ E(µ) if and only if φ satisfies the non-linear partial differential
equation:
(24) 0 =
1
2
µφ
(
φ122
φ2
+
φ112
φ1
)
+ φ12
(
1− 1
2
µφ
(
φ22
φ22
+
φ11
φ21
))
.
We will use the Cauchy-Kovalevskaya Theorem (see, for example, Evans [34])
to construct solutions to Equation (24) and thereby show Lemma 26 is non-trivial.
Fix a point p ∈ R2. Let c = φ(p), ci = φi(p), and so forth. Let ~c := Jk(φ)(p) be
the k-jet of φ at p. For example
J3 = {~c = (c, c1, c2, c11, c12, c22, c111, c112, c122, c222)} ⊂ R10 .
Let J˜k be the subset of Jk where c 6= 0, c1 6= 0, c2 6= 0, and where the relations
imposed by differentiating Equation (24) are satisfied. For example, J˜2 is the open
dense subset of R6 with 8 path components obtained by deleting 3 hyperplanes.
If we fix an element ξ2 ∈ J˜2, then the relation of Equation (24) is linear in the
third derivatives of φ and thus the natural projection J˜3 → J˜2 is a real analytic
3-dimensional vector bundle. If we fix an element ξ3 ∈ J˜3, there are two linearly in-
dependent relations in the 4-jets of φ which arise from differentiating Equation (24)
and the natural projection J˜4 → J˜3 is again a 3-dimensional real analytic vector
bundle. Arguing similarly, we see that J˜k is a real analytic manifold of dimension
3k. Assume that the symmetric Ricci tensor is non-degenerate. Let ρij be the
components of ρDs , let ρ
ij be the components of the inverse matrix, and let ρij;k
be the components of the covariant derivatives of the symmetric Ricci tensor. We
define a scalar invariant E of such a geometry by setting
E := ρiaρjbρkcρij;kρab;c .
Theorem 27.
(1) Given ξ ∈ J˜k, there exists the germ of a function φ with Jk(φ) = ξ solving
Equation (24).
(2) If k ≥ 3, there is an open dense subset Ok of J˜k so that if Jk(φ) ∈ Ok,
then the Ricci tensor is not symmetric.
(3) Let µ 6= −1. If k ≥ 5, there is an open dense subset Ok of J˜k so that if
Jk(φ) ∈ Ok, then ρDs is non degenerate, dE 6= 0, and the geometry is not
homogeneous.
Proof. We recall the classical Cauchy-Kovalevskaya Theorem. Suppose we are given
a relation in the 3-jets of φ which is linear once the 2-jets have been fixed and has
the form:
(25)
0 = α111(J2(φ))φ111 + α112(J2(φ))φ112 + α122(J2(φ))φ122
+ α222(J2(φ))φ222 + α(J2(φ)).
Assume the coefficient functions are real analytic on some suitable open set of J2.
Suppose that α111 6= 0. Then given Cauchy data f0(x2), f1(x2), and f2(x2), there
is a unique real analytic solution to Equation (25) with ∂ix1φ(0, x
2) = fi(x
2) for
i = 0, 1, 2. If one expands φ in a Taylor series, the derivatives ∂ix1∂
j
x2
φ(0, 0) can
be specified arbitrarily for i ≤ 2 and the remaining Taylor series coefficients are
then determined by Equation (25). Reinterpreting this in the language we have
introduced, this means that if ξ ∈ J˜k is given, there exists a solution φ with
Jk(φ) = ξ. This observation is not directly applicable to the setting at hand since
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α111 = 0 for our example. But since we have assumed φ(0) 6= 0, φ1(0) 6= 0, and
φ2(0) 6= 0, Equation (24) does provide a non-trivial linear relation amongst the 3-
jets of φ once the 2-jets have been fixed. We nowmake a linear change of coordinates
to ensure α˜111 6= 0 in the new coordinate system and derive Assertion (1).
Note that ρDa (∂x1 , ∂x2) is a real analytic function on J˜k for any k ≥ 3. Thus
either it vanishes identically or it does not vanish on an open dense set. We compute
ρDa (∂x1 , ∂x2) =
1
2
(
φ22φ12 − φ2φ122
φ22
+
φ1φ112 − φ11φ12
φ21
)
.
If we take
φ(0) = 1, φ1(0) = φ2(0) = 1,
φ11(0) = φ12(0) = φ22(0) = 0, φ122 = −φ112 = 1,
then Equation (24) is satisfied and ρDa (∂x1 , ∂x2)(0) 6= 0. Assertion (2) follows.
Similarly, either dE vanishes identically or dE is non-zero on an open dense subset
of J˜k for any k ≥ 5. We take φ(x1, x2) = γ(x1 + x2); Equation (24) becomes:
(26) γ(3)(t) = −γ
′(t)2 γ′′(t)− µ γ(t) γ′′(t)2
µ γ(t) γ′(t)
.
This ODE can be solved with arbitrary initial conditions {γ(0), γ′(0), γ′′(0)}. We
have φ2(0) = φ1(0) so we obtain 4 of the 8 components of J˜5; the other 4 compo-
nents can be obtained by considering γ(x1 − x2). A direct calculation shows that
this connection is recurrent. We impose the identity of Equation (26) and compute:
ρD = γ
′′
µγ
(
0 1
1 0
)
, DρD = − (1+µ)γ′
µγ
(dx1 + dx2)⊗ ρD ,
E = 4 (1+µ)2(γ′)2
µγγ′′
, E˙ = 4 (µ+1)
2(µ γ γ′ γ′′−(µ−1) (γ′)3)
µ2 γ2 γ′′
.
Since µ 6= −1, E˙ is non-zero for generic values of {γ(0), γ′(0), γ′′(0)}. Assertion (3)
follows. 
Remark 28. Note that γ(t) := tµ solves Equation (26). For this choice of the
defining function, Γii
i = (µ − 1)(x1 + x2)−1 and one obtains the example in Defi-
nition 24.
9. Affine surfaces supporting a parallel nilpotent (1, 1)-tensor field
In this section, we give examples of anti-self-dual quasi-Einstein manifolds which
do not fit into the classification of Theorem 12, thus emphasizing the role of the
Walker orientation. We will examine a special family of affine surfaces (Σ, D) which
admit a parallel nilpotent (1, 1)-tensor field T (DT = 0, T 2 = 0); we refer to [13]
for details. We assume the system of local coordinates (x1, x2) is chosen so that:
T∂x1 = ∂x2 and T∂x2 = 0. Then DT = 0 if and only if we have the relations:
(27) Γ12
1 = 0, Γ12
2 = Γ11
1, Γ22
1 = 0, Γ22
2 = 0 .
Since kerT = span{∂x2} is parallel, ∂x2 is a geodesic vector field. We have
ρDs = (∂x2Γ11
2 − ∂x1Γ111) dx1 ◦ dx1 , ρDa = ∂x2Γ111 dx1 ∧ dx2 .
We shall suppose that ∂x2Γ11
1 = 0 to ensure that ρD is symmetric. In this situation
the Ricci tensor is recurrent and of rank one. Work of Wong [51] shows that the local
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coordinates (x1, x2) can be further specialized so that the only nonzero Christoffel
symbol is Γ11
2 and hence
ρD=∂x2Γ11
2
(
1 0
0 0
)
,
DρD=
(
∂x1(log ∂x2Γ11
2)dx1 + ∂x2(log ∂x2Γ11
2)dx2
)⊗ ρD.
Thus, with this choice of local coordinates the recurrence 1-form ω is given by
(28) ω = ∂x1(log ∂x2Γ11
2)dx1 + ∂x2(log ∂x2Γ11
2)dx2.
We adopt the notation of Equation (6). The modified Riemannian extension
gD,0,T,T = ιT ◦ ιT + gD is never self-dual, but it is anti-self-dual if ω satisfies
ω(kerT ) = 0 (see [13] for details). These affine surfaces are strongly projectively
flat. Although Riemannian extensions of projectively flat connections are locally
conformally flat, deformed Riemannian extensions gD,Φ or modified Riemannian
extensions gD,Φ,T,S are not for generic tensors Φ, T and S. Consequently, the fol-
lowing result will show that there exist examples of anti-self-dual quasi-Einstein
Walker metrics that are never self-dual and hence not covered by the classification
of Theorem 12.
Theorem 29. Let (Σ, D) be an affine surface. Assume that ρD is symmetric, that
Rank{ρD} = 1, and that DρD = ω⊗ ρD. Let T be a parallel nilpotent (1, 1)-tensor
field on Σ, let fˆ ∈ C∞(Σ), and let f = π∗fˆ . Assume that dfˆ(kerT ) = 0.
(1) If fˆ satisfies Equation (7), then (T ∗Σ, gD,0,T,T , f, µ) is an isotropic quasi-
Einstein manifold with λ = 0.
(2) If ω(kerT ) = 0, then there exist local coordinates (x1, x2) on Σ so that
the only nonzero Christoffel symbol is given by Γ11
2 = u(x1) + x2v(x1). If
fˆ(x1) satisfies fˆ ′′(x1)−µfˆ ′(x1)2+2v(x1) = 0, then (T ∗Σ, gD,0,T,T , f, µ) is
an anti-self-dual quasi-Einstein manifold which is not locally conformally
flat.
Proof. Choose local coordinates (x1, x2) on Σ so that T∂x1 = ∂x2 , T∂x2 = 0 and
so that the only nonzero Christoffel symbol is Γ11
2. Let (x1, x2, x1′ , x2′) be the
induced coordinates on T ∗Σ. Let fˆ ∈ C∞(Σ) satisfy dfˆ(kerT ) = 0. Then:
(Hesf +ρ− µdf ⊗ df)(∂x1 , ∂x1) = (HesDfˆ +2ρDs − µdfˆ ⊗ dfˆ)(∂x1 , ∂x1),
the other components being identically zero. This proves Assertion (1).
To prove Assertion (2), we assume that ω(kerT ) = 0. By Equation 28, we have
ω(kerT ) = 0 if and only if ∂2x2Γ11
2 = 0. Consequently, Γ11
2 is a linear function of
x2, i.e. Γ11
2 = u(x1) + x2v(x1). Finally, a direct computation shows that the only
nonzero term in Equation (7) is
(HesD
fˆ
+2ρDs − µdfˆ ⊗ dfˆ)(∂x1 , ∂x1) = fˆ ′′(x1)− µfˆ ′(x1)2 + 2v(x1) .
This shows that the solutions of the quasi-Einstein equation are determined by the
ODE fˆ ′′(x1)− µfˆ ′(x1)2 + 2v(x1) = 0. 
References
[1] Z. Afifi, Riemann extensions of affine connected spaces, Quart. J. Math., Oxford Ser. (2) 5
(1954), 312–320.
HALF CONFORMALLY FLAT GENERALIZED QUASI-EINSTEIN MANIFOLDS 19
[2] A. Barros, R. Batista, and E. Ribeiro Jr., Rigidity of gradient almost Ricci solitons, Illinois
J. Math. 56 (2012), 1267–1279.
[3] A. Barros and E. Ribeiro Jr., Characterizations and integral formulae for generalized m-
quasi-Einstein metrics, Bull. Braz. Math. Soc. 45 (2014), 325–341.
[4] A. L. Besse, Einstein manifolds, 10, Springer-Verlag, Berlin, 1987.
[5] H. W. Brinkmann, Riemann spaces conformal to Einstein spaces, Math. Ann. 91 (1924), no.
3-4, 269–278.
[6] M. Brozos-Va´zquez and E. Garc´ıa-R´ıo, Four-dimensional neutral signature self-dual gradient
Ricci solitons, Indiana Univ. Math. J. 65 (2016), 1921–1943.
[7] M. Brozos-Va´zquez, E. Garc´ıa-R´ıo, and S. Gavino-Ferna´ndez, Locally conformally flat
Lorentzian quasi-Einstein manifolds, Monatsh. Math. 173 (2014), 175–186.
[8] M. Brozos-Va´zquez, E. Garc´ıa-R´ıo, and P. Gilkey, Homogeneous affine surfaces: Killing vector
fields and gradient Ricci solitons, arXiv:1512.05515 (to appear in J. Math. Soc. Japan).
[9] M. Brozos-Va´zquez, E. Garc´ıa-R´ıo, and X. Valle-Regueiro, Half conformally flat gradient
Ricci almost solitons, Proc. A. 472 (2016), no. 2189, 20160043, 12 pp.
[10] M. Brozos-Va´zquez, E. Garc´ıa-R´ıo, P. Gilkey, and X. Valle-Regueiro, A natural linear equa-
tion in affine geometry: the affine quasi-Einstein equation, forthcoming.
[11] M. Brozos-Va´zquez, E. Garc´ıa-R´ıo, P. Gilkey, S. Nikcˇevic´, and R. Va´zquez-Lorenzo, The
geometry of Walker manifolds, Synthesis Lectures on Mathematics and Statistics 5, Morgan
& Claypool Publ., Williston, VT, 2009.
[12] E. Calvin˜o-Louzao, E. Garc´ıa-R´ıo, P. Gilkey, and R. Va´zquez-Lorenzo, The geometry of
modified Riemannian extensions, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 465
(2009), 2023–2040.
[13] E. Calvin˜o-Louzao, E. Garc´ıa-R´ıo, I. Gutie´rrez-Rodr´ıguez, and R. Va´zquez-Lorenzo, Bach-
flat isotropic gradient Ricci solitons, forthcoming.
[14] H.-D. Cao and Q. Chen, On locally conformally flat steady gradient Ricci solitons, Trans.
Amer. Math. Soc. 364 (2012), 2377–2391.
[15] H.-D. Cao and Q. Chen, On Bach-flat gradient shrinking Ricci solitons, Duke Math. J. 162
(2013), 1149–1169.
[16] H.-D. Cao, G. Catino, Q. Chen, C. Mantegazza, and L. Mazzieri, Bach-flat gradient steady
Ricci solitons, Calc. Var. 49 (2014), 125–138.
[17] X. Cao, B. Wang, and Z. Zhang, On locally conformally flat gradient shrinking Ricci solitons,
Commun. Contemp. Math. 13 (2011), 269–282.
[18] J. Case, Y.-J. Shu, and G. Wei, Rigidity of quasi-Einstein metrics, Differential Geom. Appl.
29 (2011), 93–100.
[19] G. Catino, A note on four-dimensional (anti-)self-dual quasi-Einstein manifolds, Differential
Geom. Appl. 30 (2012), 660–664.
[20] G. Catino, Generalized quasi-Einstein manifolds with harmonic Weyl tensor, Math. Z. 271
(2012), 751–756.
[21] G. Catino, L. Cremaschi, Z. Djadli, C. Mantegazza, and L. Mazzieri, The Ricci-Bourguignon
flow, preprint, arXiv:1507.00324 (to appear in Pacific Math. J.).
[22] G. Catino, C. Mantegazza, L. Mazzieri, and M. Rimoldi, Locally conformally flat quasi-
Einstein manifolds, J. Reine Angew. Math. 675 (2013), 181–189.
[23] G. Catino, P. Mastrolia, D. D. Monticelli, and M. Rigoli, On the geometry of gradient
Einstein-type manifolds, Pacific J. Math. 286 (2017), 39–67.
[24] G. Catino and L. Mazzieri, Gradient Einstein solitons, Nonlinear Anal. 132 (2016), 66–94.
[25] Z. Chen, K. Liang, and F. Zhu, Non-trivial m-quasi-Einstein metrics on simple Lie groups,
Ann. Mat. Pura Appl.(4) 195 (2016), 1093–1109.
[26] X. Chen and Y. Wang, On four-dimensional anti-self-dual gradient Ricci solitons, J. Geom.
Anal. 25 (2015), 1335–1343.
[27] L. David and M. Pontecorvo, A characterization of quaternionic projective space by the
conformal-Killing equation, J. Lond. Math. Soc. (2) 80 (2009), 326–340.
[28] Y. Deng, A note on generalized quasi-Einstein manifolds, Math. Nachr. 288 (2015), 1122–
1126.
[29] A. Derdzinski, Einstein metrics in dimension four, Handbook of differential geometry, Vol. I,
419–707, North-Holland, Amsterdam, 2000.
[30] A. Derdzinski, Connections with skew-symmetric Ricci tensor on surfaces, Results Math. 52
(2008), 223–245.
20 M. BROZOS-VA´ZQUEZ E. GARCI´A-RI´O P. GILKEY X. VALLE-REGUEIRO
[31] A. Derdzinski and W. Roter, Walker’s theorem without coordinates, J. Math. Phys. 47 (6)
(2006) 062504 8 pp.
[32] J. C. Dı´az-Ramos, E. Garc´ıa-R´ıo, and R. Va´zquez-Lorenzo, Four-dimensional Osserman met-
rics with nondiagonalizable Jacobi operators, J. Geom. Anal. 16 (2006), 39–52.
[33] M. Dunajski and S. West, Anti-self-dual conformal structures in neutral signature, Recent
developments in pseudo-Riemannian geometry, 113–148, ESI Lect. Math. Phys., Eur. Math.
Soc., Zu¨rich, 2008.
[34] L. C. Evans, Partial Differential Equations, Graduate Texts in Mathematics, vol. 19, Amer-
ican Mathematical Society, Providence, RI, ISBN 0-8218-0772-2, 1998, xviii+662 pp.
[35] Y. Gabjin, C. Jinseok, and H. Seungsu, Bach-flat h-almost gradient Ricci solitons,
arXiv:1604.04087.
[36] A. R. Gover and P. Nurowski, Obstructions to conformally Einstein metrics in n dimensions,
J. Geom. Phys. 56 (2006), 450–484.
[37] Z. Hu, D. Li, and S. Zhai, On generalized m-quasi-Einstein manifolds with constant Ricci
curvatures, J. Math. Anal. Appl. 446 (2017), 843–851.
[38] D.-S. Kim and Y. H. Kim, Compact Einstein warped product spaces with nonpositive scalar
curvature, Proc. Amer. Math. Soc. 131 (2003), 2573–2576.
[39] O. Kobayashi, A differential equation arising from scalar curvature function, J. Math. Soc.
Japan 34 (1982), 665–675.
[40] O. Kobayashi and M. Obata, Certain mathematical problems on static models in general rel-
ativity. Proceedings of the 1980 Beijing Symposium on Differential Geometry and Differential
Equations, Vol. 1, 2, 3 (Beijing, 1980), 1333?1343, Sci. Press Beijing, Beijing, 1982.
[41] O. Munteanu and N. Sesum, On gradient Ricci solitons, J. Geom. Anal. 23 (2013), 539–561.
[42] B. L. Neto, Generalized quasi-Einstein manifolds with harmonic anti-self dual Weyl tensor,
Arch. Math. 106 (2016), 489–499.
[43] M. Obata, Certain conditions for a Riemannian manifold to be isometric with a sphere, J.
Math. Soc. Japan 14 (1962), 333–340.
[44] M. Obata, Riemannian manifolds admitting a solution of a certain system of differential
equations. 1966 Proc. U.S.-Japan Seminar in Differential Geometry (Kyoto, 1965) pp. 101–
114 Nippon Hyoronsha, Tokyo.
[45] B. Opozda, A classification of locally homogeneous connections on 2-dimensional manifolds,
Differential Geom. Appl. 21 (2004), 173–198.
[46] S. Pigola, M. Rigoli, M. Rimoldi, and A. Setti, Ricci almost solitons, Ann. Sc. Norm. Super.
Pisa Cl. Sci. (5) 10 (2011), 757–799.
[47] A. Ranjan and G. Santhanam, A generalization of Obata’s theorem, J. Geom. Anal. 7 (1997),
357–375.
[48] A. G. Walker, Canonical form for a Riemannian space with a parallel field of null planes,
Quart. J. Math. Oxford (2) 1 (1950), 69–79.
[49] X. Xu, On the existence and uniqueness of solutions of Mo¨bius equations, Trans. Amer.
Math. Soc. 337 (1993), 927–945.
[50] K. Yano and S. Ishihara, Tangent and cotangent bundles: differential geometry, Pure and
Applied Mathematics, No. 16. Marcel Dekker, Inc., New York, 1973.
[51] Y.-C. Wong, Two dimensional linear connexions with zero torsion and recurrent curvature,
Monatsh. Math. 68 (1964), 175–184.
MBV: Universidade da Corun˜a, Differential Geometry and its Applications Research
Group, Escola Polite´cnica Superior, 15403 Ferrol, Spain
E-mail address: miguel.brozos.vazquez@udc.gal
EGR-XVR: Faculty of Mathematics, University of Santiago de Compostela, 15782
Santiago de Compostela, Spain
E-mail address: eduardo.garcia.rio@usc.es; javier.valle@usc.es
PG: Mathematics Department, University of Oregon, Eugene OR 97403, USA
E-mail address: gilkey@uoregon.edu
